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Abstract—An alternative formulation of the solid phase stress is given for a flowing fluid-solid mixture.
This formulation allows us to treat all three sources of the solid phase stress with the same concept. This
concept utilizes a control surface and considers stress as the force per unit area on such a surface. The
three solid phase stress sources include the force between the particles, the rate of momentum transfer
due to random particle motion and the hydrodynamic interaction between the particles and the fluid.
Empbhasis is put on the third of the three, because the first two are well-understood from the given concept.
The hydrodynamic contribution is called the “particle-presence stress”. The resulting formulation of this
stress is identical to Batchelor’s, in which a volume-averaging concept is used. The present result includes
the particle inertia effect. It is also shown that the resulting solid phase pressure under special conditions
reduces to a form proposed previously in the literature.

Key Words: two-phase, mixture, particle-presence, stress, fluid-solid, hydrodynamic, particle,
micromechanics

1. INTRODUCTION

The mathematical model of a flowing fluid—solid mixture is far from complete. Current analyses
of such flows commontly rely on semi-empirical formulas. The rheological parameters used in these
formulas depend on the ranges of solid concentration and flow rate (Thomas 1965). It is unreliable
to extrapolate these empirical formulas to situations beyond the test range. In order to more
rigorously determine the rheological parameters, micromechanics has been utilized recently.
Pioneer works using this approach include, among others, Batchelor (1970), Ishii (1975) and Drew
(1983).

The micromechanics approach derives constitutive equations by analyzing the interactions of the
fluid and solid constituent at the individual particle level. The result of this analysis is then averaged
to obtain various macroscopic transport coefficients such as diffusivity and viscosity. In principle,
if all the micromechanics at the individual particle level are incorporated, one should obtain
transport coefficients explicitly and free from empirical constants. However, although theories have
been successfully developed in this manner for a rapidly flowing solid dispersed in a vacuum,
attempts to extrapolate this to a fluid—solid mixture have just begun.

When considering the fluid effect many difficulties are encountered. At low Reynolds number,
the hydrodynamics in a mixture of high solid concentration is still an unsolved problem. Additional
complications arise at high Reynolds number because of the existence of fluid turbulence and its
interaction with freely moving solid particles. In view of the current understanding of these subjects,
there is a long way to go before we can analytically derive the transport coefficients in a fluid—solid
mixture flow. Nevertheless, research in this direction provides more insight and thus improves the
existing semi-empirical formulas.

Two key steps in attempting a micromechanical approach are first, identifying and modeling the
mechanisms to be incorporated; second, constructing an averaging method. The first identifies the
flow regime to be studied and quantifies microscopic information, such as the forces between the
interacting solid particles and the forces between a particle and the surrounding fluid. The second
provides a mathematical framework to bridge the micro and macrobehavior of the fluid-solid
mixture. Without a formal structure provided by the averaging method, confusion can easily arise
when detailed mechanisms are to be incorporated. This confusion is seen when comparing several
existing models for the stresses in a fluid-solid mixture flow (e.g. Ishii 1975; Drew 1983; McTigue
et al. 1986).
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The present work discusses the second step. Our ultimate goal is to provide a physically
transparent and mathematically rigorous method. This method is used to model constitutive
equations in the balance laws for a fluid-solid mixture.

The balance laws for the mass and momentum in flows of a fluid—solid mixture have been given
by Ishii (1975) as follows:
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In the above, p*=p,c and p"= pe(1 — ¢) are the partial densities of the solid and fluid phase,
respectively, where ¢ is the solid concentration; p, and p; are the solid and fluid material density,
respectively; the mass-weighted average of the solid and fluid velocity are u and v, respectively; the
phase interaction force per unit volume is denoted by m and the mass-weighted stress for the solid
and fluid phase are T° and T, respectively.

In this paper, we discuss the modeling of T® for an interacting fluid-solid mixture. A similar
procedure may be applied to model other constitutive equations in the solid momentum and energy
equation. This will be the subject of a future study.

2. MODELING THE SOLID PHASE STRESS

Consider an arbitrary control volume V in a fluid-solid mixture, as shown in figure 1. This
mixture consists of a Newtonian fluid and uniform spherical particles. This control volume may
be decomposed into V, and V; representing the solid and fluid portion, respectively. The solid
portion V| is shaded in figure 1. The corresponding control surface S may also be decomposed into
two portions S, and S; representing the parts of S occupied by the solid and fluid phase, respectively.
The solid portion S; is shown as thick black lines in figure 1.

control volume V

control surface S

Figure 1. A control volume in the mixture.
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Total surface force acting on S and total body force acting on V are responsible for the change
of linear momentum inside V. The two-phase approach adopted by Ishii (1975) and many others
requires separation of the total stress into the s-'id and fluid phase stress T* and T' introduced in
[1b] and [2b]. If N is the local unit normal of S, T*-N is the force acting on S, per unit area of
S, and T'-N is the force acting of S; per unit area of S;.

From fluid mechanics,

T=T+T 3]

where T' and T* are the viscous and turbulent stress acting on S; from the fluid motion. The solid
phase stress T*, in general, may come from the momentum transfer of solid particle collisions, the
random motion of the solid particles and the hydrodynamic force acting on the surface of the
particles. Thus,

T =T+T+T" [4]

The physical meanings of these three components are given below.
The collisional stress T¢ is the rate of momentum transfer across S, per unit area of S* due to
particle collisions. Bagnold (1954) modeled this stress as

TS = fPAM, 5]

where f is the particle collision frequency, £ is the average number of particles cut by unit area
of S and AM is the average momentum transfer per collision. Later works (e.g. Jenkins & Savage
1983; Lun et al. 1984) further modified the formulation of T° based on the kinetic theory of
gases, but the basic concept remains unchanged. The kinetic stress T* is the momentum transfer
due to the random motion of solid particles and has been modeled as (e.g. Lun er al. 1984;
Babic 1985)

T = {p,u'u” >, [6]

where { > is the ensemble average, u” is the random velocity of particles defined by the difference
of a single velocity realization of a particle and the mass-weighted average velocity of the solid
phase. Here, we have tacitly assumed that the balance equations [la, b] and [2a, b] are time-
averaged with respect to a very small time scale over which macroscopic properties are stationary.
Without doing so, transfer of momentum during instantaneous collisions can not be captured.
A similar time scale has been used to derive the Reynolds stress from turbulence T

The hydrodynamic contribution of the solid phase stress, TP, is less understood from the above
viewpoint. That is, a formulation of T? as the force per unit area on §; due to the fluid force
surrounding it is not available in the literature. Batchelor (1970) gave a mathematical derivation
of TP, defining it as the volume average of stress residing in the solid particles. For completeness,
this derivation is repeated in appendix A. Batchelor’s approach provides a very short and elegant
formuiation. It easily handles the hydrodynamic contribution of the solid phase stress. But
conceptually it is hard to extend this approach to include the other two components T¢ and T
This is because these other two stress components are strickly modeled from the momentum
transfer rate across a control surface, which is a different concept from the volume-averaging of
internal solid stress. The alternative formulation of T® given here is based on a control surface
concept identical to what is used to obtain T¢ and T*.

We will call T° the “particle-presence” stress, because this stress is not a result of the particles’
motion, but is rather a result of their existence in the fluid flow. Their rigid boundary alters the
local fluid flow pattern and thus changes the bulk rheological property.

The existence of T® is casily seen if we consider a dilute slow simple shear flow with vanishing
particle Reynolds number. This flow has been studied by Einstein (1906) and Batchelor & Green
(1972) to give a total shear stress

Ty=(1— )T+ cTy=2u(1 + 2.5¢)E;, (71

where p is the fluid viscosity and Ej; is the bulk strain-rate, defined in appendix B. We now study
the five components in [3] and [4] for this flow. In this flow, fluid is laminar, hence T'=0. The
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Figure 2. Definition sketch of a unit control surface.

concentration approaches zero so that there is no particle collision, consequently T¢ = 0. More-
over, in this flow, particles are driven by a laminar fluid motion, hence they do not fluctuate if the
body force is stationary. In the absence of particle collision induced random motion, this implies
T* = 0. At this point, only T and T* are still present. For the Newtonian fluid considered here,
the shear stress T} =2u{e]}, where e] is the local fluid shear strain rate, { } indicates the
mass-weighted average. In appendix B, it is shown that (1 —c){e}} =E,. Therefore
(1 — ¢)T};=2uE;. The rest of the terms in [7], i.e. ScuE;, must come from the only remaining solid
phase stress TP.

Let us consider a unit surface area 4 on S with unit normal N, as shown in figure 2. Denote
the portion of this unit area occupied by particles as A4, the thick black lines in figure 2. A total
of # particles lie on A. These are called ““surface particles”. All surface particles with their center
inside the control volume are called “inner particles”, and surface particles with their center exterior
to the control volume are called “outer particles”. It should be noted that an outer particle still
has some fraction of its volume inside the control volume. Similarly, an inner particle has some
fraction of its volume exterior to the control volume. If particles are randomly distributed in such
a way that the number density of particles does not vary in a length scale equal to or greater than
the particle’s largest dimension, then, on average, there are an equal number, i.e. /2, of inner and
outer particles on a unit control area.

The hydrodynamic contribution of the solid phase stress is the force acting on A4, due to the
fluid force on the surface of the surface particles. Since A, lies inside the particles, it would
seem that one needs to know the stress distribution inside these particles to obtain T®. This is in
fact unnecessary. The alternative is to relate the force acting inside the particle to the force acting
on the surface of the particle. The total surface force sf, which includes both the normal and
tangential component, acting on the solid portion of the unit control surface can be expressed as
follows:
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where, as shown in figure 3, s, and sp are the partial surface forces acting on the curved area of
the inner and outer particles, respectively; and s and s? are the total surface force acting on the
particle fraction of the inner and outer particles, respectively. For graphical simplicity, only the
tangential components of all forces are shown in figure 3.

A unit control surface cuts through, on average, an equal number, #/2, of inner and outer
particles. Consider the inner particles for now, each of them has a different amount of its surface
area exposed to the exterior fluid, as shown in figure 2. For any given @i, shown in figure 4, such
that #-N >0, there is an infinitesimal surface area on an inner particle associated with this
direction. This area may or may not be exposed to the exterior fluid. If it is, then the hydrodynamic



SOLID PHASE STRESS IN A FLUID-SOLID MIXTURE 261

. A A ’——’f’
) = & -4
—— P
’
) ] - 2
. . i ;
inner particle s, s} 7

- ————— ———

—r —
A A -
outer particle
sy sp
Figure 3. Various types of surface forces. Figure 4. Coordinate systems.

force acting on it contributes to s, and ;. Assuming an isotropic distribution of particles, the depth
with which a random control surface S cut through a particle is uniformly distributed along its
diameter. Therefore, the probable number of inner particles on a unit control surface with the
infinitesimal area associated with fi exposed to the exterior fluid is (#/2)i-N. From figure 4,

P P
Eﬂ-N=—2—cos¢. [9)

Similarly, for a given fi where fi- N < 0, the probable number of outer particles on a unit area with
the infinitesimal area associated with fi exposed to the interior fluid is

P, 174
—Eﬁ-N——icosdx [10]

Utilizing [9] and [10] and recognizing that the infinitesimal surface area of a sphere with radius R
is R?sin ¢ df d¢, one may obtain

2 2 1 o
zsip_zs;=rr (Zmy) <§cos¢>R2d6 sin ¢ dob
1 1 0 ,Jo0

n (*2n P
—Jf (Z,-knk)(—?cosd))deGsinqSd¢ [11]

2

2 2
=fﬂ(mzo) Zyn, <5an].> dA —j%ﬁko)z,.kn(—?njzvj) d4, [12]

2

where X, is the fluid stress component on the surface of a particle and A4, is the surface area of
a particle. Let n be the solid particles’ number density per unit volume of the mixture, it has been
shown that 2 = 2nR (Shen & Ackerman 1982). Using this, [12] becomes

N
ZSL—ZSS=<"LO Ziknk’jdA)Nj—<_”Lo EiknkrjdA>]Vf [13)
I ! 2®K20 ’ = @-N<0)

2 2

=<n J‘ Z'iknkrjdA>Nj. [14]
4o
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rcos¢ = Rcos¢’

cos¢’ = L coso

Figure 5. Corresponding relation between d¥ and dS.

The total surface surface force, si and s?, acting on the particle fractions can be obtained by
relating them to V-2 inside the particle using Gauss’ theorem. That is,

f Zun.dA =f 0,2, dV [15]
Ay Vo
where Ajand V', as shown in figure 2, are the total area and volume of the particle fraction outside
the control volume for an inner particle or inside the control volume for an outer particle. Consider
first an inner particle, as shown in figure 5. Let r be a position vector originating from the center
of the particle. An infinitesimal volume dJ locates at the tip of r. The probability of this d¥ being
exterior to the control volume is identical to the probability of having a surface area “‘at the same
level” as dV exposed to the exterior fluid. As in the development of [9], one finds that the probable
number of inner particles on a unit control surface having a given dV exterior to the control
volume is

? ?

—2—cosd)’=5%cos¢=nrcos¢, [16]
where the angles ¢ and ¢’ are defined in figure 5 and r is the distance from center of the particle
to the infinitesimal volume dV. In a similar way, the probable number of outer particles in a unit
area which have a given dV inside the control volume is —nr cos ¢. Utilizing the above observation
and (15] and {16],

% % rE M2n PR
—Ysi+Y 8= — zf J 6y Zx(nr cos @)r’dr dO sin ¢ d¢
] 1 Jo Jo Jo
*n *2n R
+ f f 0,2 (—nr cos ¢p)ridr df sin ¢ dé [17]
Ji Jo Jo
"
= — Vo . 8k21k(nr]N])dV + J‘Vo R akzlk(“nrJN,)dV [18]
JomRN=0) —@N<0)

2

—nq 6k2?ikrjdV>]\/j, [19]
Yo

where V, is the volume of a particle. From [8], [14] and [19], the total surface force on the
intersectional area A, per unit control surface can thus be formulated as

Sﬁ=n(f Zynr;d4 _f akzikrjdV> N;. [20]
A Yo

2
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Therefore, the final formulation of the particle-presence stress is

Tg:g(j S, dd — f 6k2ikrjdV> 21]
Ao Vo

1
=_<f Eynerdd — j E)kZi,(rjdV>, 22]
VO Ay Vo

which is identical to Batchelor’s (1970) result for a slow flow of a dilute fluid—solid mixture.
However, this derivation clearly reveals the physical origin of the particle-presence stress as
well as providing a consistent procedure to incorporate the other two solid phase stresses T¢
and T

The above analysis may be extended straightforwardly to arbitrary shape particles. The
formulation given by [22] remains the same if the orientation of the particles is uniformly
distributed. Otherwise, the probability of the orientation distribution will enter the stress-averaging
in [22].

3. COROLLARIES OF THE PARTICLE-PRESENCE STRESS

We now take the general formulation of the particle-presence stress given in {22] and obtain
two specific results. These two results, to our knowledge, have not been rigorously obtained
previously.

First, let us obtain the expression for the second term on the r.h.s. of [22]. This term is associated
with the particle’s inertia and was neglected by Batchelor & Green (1972). In that work, they
studied a slow simple shear flow of a dilute fluid and spherical particle mixture. By integrating the
stress distribution of a Stokes flow around a sphere, they showed that

1
— | Zumr;dA = 5SuE;, {23]
Vo Ao

which gave Einstein’s result. In the case of a slow dilute flow, any particle inertia is indeed
negligible. In general this may not be true. Applying the equation of motion to an infinitesimal
volume inside the solid phase shows that

0 Zu=pVi—p.g; [24]

where the overdot represents the usual time derivative for a rigid body, V! is the local velocity of
a particular point inside the solid particle and g, is the body force per unit mass. Substituting [24]
into the second term on the r.h.s. of [22] yields

J‘ 6kzikrjdV=sz (V}'—gi)rjdV
Yo Yo

=<psj V}-rjdV—psgif rjdV>
Yo Yo

=“J Vir,dV. [25]
Vo

The local velocity inside a rigid particle is
V=V+Q+r, [26]

where V is the velocity of the center of the particle and Q is the angular velocity of the particle.
The derivative of [26] yields

Vi=V+Qxr+Qxi
=V+Qxr+QxQxr). 27
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Changing the above into the indicial notation and simplifying, [27] becomes

Vi= Vit eaQir+ QQr — Q. Q1. [28]
Substituting [28] into {25] yields

J‘ akz,-krjdV=psj (Vr +6,,kQ,rkr +QkQ rkr Qkarfrj)dV
Vo Y

=ps<V,-f rjdV+e,-,kQ,j rkrjdV+QkQ,-f rkrjdV—Qkaj r,-rjdV>. [29]
Vo Vo Yo

Yo

Since

f rirdV =&nR3S,, [30]
Yo
[29] may be simplified to yield

4
I O Zyr;dV = 15 psRS(Eilknlakj +Q Q6 — Q. Q,9,)
Vo

4
= 73 R+ Q0 — Q0,5,). [31]

Hence the second term in [22] becomes

1
7 5k kr dV = 5 ps Z(CIIJQ + Q Q Qka(SU) [32]
0

The above is the contribution of particle inertia to T%. For a free spherical particle in an infinite
fluid, Q, = }¢,, 0,0, where v, is the fluid velocity. Hence by comparing [23] and [32], for a dilute
system in the Stokes regime such that (p; R?,v,)/p < 1, the second term in [22] is negligible when
compared with the first term.

Secondly, the solid phase pressure from TP will be obtained. This pressure has been proposed
by Givler (1987) as the average fluid pressure around a particle’s surface. Using the definition in
continuum mechanics, the dynamic pressure p© of any continuum is

pt=—iT; (33}

where T7 is the stress tensor in the continuum. If one ignores the second term in [22], the above
yields

3 2n *n
pP= _R f T, nen;sin ¢ do db, (34]
3VO 0 0

where pP is the pressure force from TP. Substituting the Newtonian fluid stress into [34] yields

= __37[ J (—pby — ey by + 2uey )nen;sin ¢ do do [35]
0,J0

where p is the fluid pressure. Due to the incompressibility of the fluid the second term in the
parentheses in [35] is zero. For a slow flow of a dilute fluid—solid mixture, the third term of the
integrand vanishes, as shown in appendix C. For this type of flow, the solid phase pressure
reduces to

P= R sin ¢ d¢ df [36]
p 37, OP )
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which is the average hydrodynamic pressure on the surface of a particle, identical to what Givler
(1987) has proposed. However, in a general case, this result may be modified when the third term
of the integrand in [35] does not vanish.

4. CONCLUSION

A physical explanation of the particle-presence stress is given first. This stress is from the
hydrodynamic interaction between the fluid and solid phases in a flowing mixture. A mathematical
derivation of the stress is then provided in a consistent manner with which the other solid phase
stresses are derived. This derivation uses the concept that stresses are forces per unit area on the
control surface of an arbitrary control volume. The final result is shown to be identical to
Batchelor’s (1970)—in which a volume-averaging method was used and the formulation was
conceptually different from what is given here. Lastly, the final result of the particle-presence
stress is studied to include an expression for the inertia contribution, which may become
important in the case of a nonvanishing particle Reynolds number. This inertia formulation
has not been reported previously in the literature. The solid phase pressure from the
hydrodynamic force contribution is also derived from the definition in continuum mechanics. The
result is identical to a previously proposed form for a slow flow of a dilute fluid and spherical
particle mixture. In general, additional terms that have not been discovered previously may also
be present.

The approach given in this work is, we believe, physically transparent and also mathematically
rigorous. It can be easily extended to model other constitutive relations in a two-phase flow.
This will be the subject of future studies.
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APPENDIX A

This appendix gives the derivation by Batchelor (1970) of the solid phase stress in a dilute
fluid—solid mixture where particle’s collisions are ignored.

Let x; be components of the position vector of an infinitesimal volume dV inside a particle of
volume ¥, and X, be the components of the stress tensor in the particle. The following may be
derived:

j 6k2ikxjdV=J ak(z,.kx,.)dV—J 20, dV [A.1]
Yo Vo Yo
r
=f Z,kxjnk dA - ZikékjdV [AZ]
Ay JVo
r
Ay JV
or
»
J E,]dV=J‘ E,-knkxjdA - 5k2ikxjdV, [A4]
Yo Ay J Vo

where A, is the surface of V. Let V, be a representative volume inside a fluid-solid mixture. The
linear dimension of V| is determined in such a way that it should be sufficiently large compared
with the particle spacing. On the other hand, it should be small enough to provide a uniform flow
field inside ¥V, within which there are a number of identical particles each of volume ¥,. The solid
phase stress, defined as the average stress in all the solid particles per unit volume of solid, is

therefore,
1 1
TP = —— 2. dV ==— 2, dA — 0, 2, x.dV ],
ij ZVOZJVO i ZVOZ<JA0 ik M X; f"o k& ik X; )

where the X is over all particles in V,. The above may be further reduced as follows. Let x; = P, + r;,
where P; are the components of the position vector of the center of a particle. Substituting this
into the above gives

1 r
= Tomx;dAd — | 6.2, x;dV
’ ZVOZ<.4A0 e J\VO Ko )
1 ¢ i
=_Z< ZiknkrjdA+ E,-knkdeA ‘—J\ akzikrjdV—j Okz,-kdeV>
ZVO J 4o J 4o Yo Yo
1 ” ¢
=—‘Z< Z,-knkrjdA + 5k(z,kPj)dV —J‘ 5kzikrjdV *f akz,kP}dV>
ZVO J A J Vo Vo Vs
1 r Il
= __Z< kankrjdA + ak)::kP;dV+f ZikakdeV [A.S]
ZVO JAg J Vo Vo

Vo Ve

!
S Zamer,dd — | 8Zyr,dV ). A6
Rl R na

The third term in [A.5] is identical to zero, because ,P,=0 for any one particle. Since the
uniformity condition is assumed in this representative volume V,, (£V,)/V = ¢ and the summation
is over a total of nV identities. Therefore [A.6] is identical to [21].
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APPENDIX B

This appendix derives the buik strain-rate tensor in a fluid—solid mixture.
By definition, the bulk-strain components related to the fluid and solid strain-rate are as follows:

E;={e;) [B.1]
=<{(1 —c)el> + e3> [B.2]
=l —e){el}+<e>{ey). [B.3]

In the above, c is the solid concentration for a single realization, ¢ = 0 if fluid is sampled and ¢ =1
if solid is sampled, the ensemble {c¢) is the bulk solid concentration and is denoted by ¢ in the
text; e; is the local strain-rate from a single realization; efj and e} are the local fluid and solid
strain-rate, respectively. The above may also be written in terms of the local gradients of the fluid
and solid velocity v and u, respectively, as

d—=c) {ov, oy {e) [ou;  Ou;
E. = S A QT SEAD hiuii e’ ) 4
v 2 {8xj + Ox; + 2 {0x + Ox; [B.4]

For a rigid body, e} = 0, therefore
E;={1—c){el}. (B.5]
This definition of the bulk strain-rate was used by Batchelor (1970).

It is important to realize that there is at least one other way to define the bulk strain-rate E.
Namely, one would first define the bulk flow velocity as

U= (1 = c)v;p + {eu;y (B.6]
= {1 =)o} + {ed{ul, (B.7]

where v; and y; are the components of local fluid and solid velocity, respectively. The bulk strain-rate
components may thus be defined as

. 1/aU, oy
E,.,_5<a—xj+ ) (B.5]

where the superscript “a” denotes ‘“‘alternative”. To simplify the matter, let us assume a uniform
solid concentration. Equation [B.8] becomes

o _(U—ceyfofo}  ofo} | e fofu}  o{u}
Ei=" (axj * ax,.>+ 2 (axj * ax,.)' [B-9]

In general, the two definitions given in [B.4] and [B.9] are not identical. Because although the solid
particles do not deform, the mass-weighted average velocity of the solid phase may have
nonvanishing gradients.

In the literature, both definitions have been used. It is extremely important to clarify which is
meant in a given paper before using the results. In this paper, [B.3] (or equivalently [B.4]) is the
definition for the bulk strain-rate in a mixture flow. For the purpose of computing bulk stress, the
mass weighted average fluid and solid stress must first be obtained. The mass-weighted average fiuid
stress is obtained from the local fluid stress which is a function of the local fluid strain-rate e;, not
the bulk strain-rate E;;. In view of this, when calculating the stress, definition of the bulk strain-rate
given by [B.3] or [B.4] is physically more relevant.
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APPENDIX C

This appendix shows that the third term on the r.h.s. of the integrand of [35) is zero for a Stokes
flow.

Based on Batchelor’s expression for the local strain-rate tensor, one can prove that e, m,n, is
actually identical to zero at r = R:

R? im0 ; Symen; 2 5R®* S5R®
eiknkn‘_=Eiknkni(1 _F>+Eml<r1r’” k/nknttrkrm Inknl___3-_r_rm_2’:_15‘knknl>(_ﬁ+_r_s>

r

Py (Tl Phy 25R?
+Eml_r'2—< p —%5u"kni><7rs—

R’ e+ rr,n 21, 5R® SR’
= iknkni<1 - —r—5> +E, <"‘"—r2—_l“ 3 —r'z—léiknkni)<_2—r3'+ T)

2 mey - T
+5Em r2 \ 293 2rs

- E 1 R5+4 5R3+5Rs +2 25R? 35R?
= Suhhi T3 2T S 3\ 2 2 )|

The last expression is equal to zero when r = R,

Pl (25R3 35R5>



